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Abstract
The equations of motion of N gravitationally bound bodies are derived
from the field equations of Projective Unified Field Theory. The Newto-
nian and the post-Newtonian approximations of the field equations and of
the equations of motion of this system of bodies are studied in detail. In
analyzing some experimental data we performed some numeric estimates
of the ratio of the inertial mass to the scalaric mass of matter.
1 Introduction
Recently considerable interest raised by experiments aiming at the verification
of the relativistic theories of gravitation (in detail see [1] and the literature
quoted there). The high precision experiments on checking the validity of the
equivalence principle, perihelion shift of Mercury, deflection of light and other
effects give some answer to the question of preference among further gravita-
tional theories proposed, where the distinction between them is mainly based
on the post-Newtonian or even on the post-post-Newtonian level.
Among the alternative theories of gravitation here our special interest is di-
rected to the 5-dimensional Projective Unified Field Theory of Schmutzer (short:
∗Dedicated to Prof. Dr. Nikolay Mitskievich on the occasion of his 80th birthday.
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PUFT). For details of the axiomatics as well as the cosmological and astrophys-
ical application of PUFT see [2–4] and [8]. Within the framework of this theory
recently interesting cosmological models were investigated [4, 9], where in par-
ticular an unexpected solution of the problem of dark matter was suggested.
For some observable cosmological effects see also [10]. Obviously within the
framework of PUFT the systematic study and subsequent empirical testing of
various astrophysical effects is necessary, particularly effects in the solar system.
First steps in this direction were made in the papers of E. Schmutzer quoted
above. However the wishes of astrophysicists, particularly of those being active
researchers in celestial mechanics, ask for a systematic treatment of this problem
by building up the post-Newtonian approximation of PUFT.
Schmutzer’s PUFT has been developed in three stages: The version I of
PUFT (1958) led to a possible violation of the equivalence principle which
nowadays has already been tested experimentally to a relative precision of
10−12 ÷ 10−14 [1]. Two decades later this situation was one of the reasons for
him to elaborate the version II of PUFT (GR9-conference in Jena 1980), where
a projection formalism with a kind of “conformal projection factor” was used.
Emphasizing his 5-dimensional concept of describing real physics, intended since
the beginning of his research in this field (see [11]), he already then introduced
the concept of scalarism (scalarity) as a hypothetical new phenomenon of Na-
ture: PUFT unifying gravitation, electromagnetism and scalarism.
Detailed information on this historical development of PUFT and present
state of PUFT can also be found in the monographs [3,4] and [3–7], respectively.
In the following part of this paper we develop the post-Newtonian approxi-
mation of PUFT (field equations, equation of motion of a test body and corre-
sponding astrophysical applications). Our results allow to compare the predic-
tions of PUFT and the Einstein theory with the experimental data.
2 Four-dimensional field equations and mechan-
ical equations of motion (continuum and point-
like test body)
2.1 Field equations in the space-time
The 4-dimensional field equations of PUFT were received by projecting the
5-dimensional field equations of the projective space onto 4-dimensional space-
time. In the following we present the 4-dimensional field equations of PUFT in
the Gauss system of units (Latin indices run from 1 to 4, Greek indices from 1
to 3; the signature of the metric is (+,+,+,−); comma and semicolon denote
partial and covariant derivatives, respectively) [2–4].
2.1.1 Generalized gravitational field equation
Rmn − 1
2
gmnR− ΛS e−2σgmn = κ0(Emn + Smn +Θmn) . (1)
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Here
Rmn = R
i
mni and R = R
m
m (2)
are the usual 4-dimensional curvature quantities. Further one should realize the
cosmological term on the left-hand side of the field equation, being the analog
to that of the Einstein theory (General Relativity), but here the scalaric field
σ is involved. Further ΛS is the scalaric-cosmological constant in PUFT with
physical dimension of reciprocal square of length.
In the basic field equations of Schmutzer’s 5-dimensional PUFT a cosmo-
logical function is present, instead of the cosmological constant of Einstein’s
4-dimensional field theory. Here we should mention that this situation is similar
to the ansatzes of the quintessence in the cosmological models being intensively
investigated at present time.
Let us in this context point to the relation
κ0 =
8πγN
c4
(3)
used by Schmutzer under following aspects: Subject to eventual later theories
with this Einstein gravitational constant κ0, as well the Newtonian gravitational
constant γN and the vacuum velocity of light c are true constants of Nature.
With respect to the numerical values, of course, one has to be careful, since
according to the precise measurements of the last decade it seems that the mea-
sured “Newton gravitational parameter” G is a time-dependent quantity. Our
subsequent treatment of the post-Newtonian approximation shows a conceivable
relationship between these two quantities γN and G. In the present time the
numerical values of both are closely neighboring.
The energy-momentum tensor of the non-geometrized matter (substrate) is
denoted by Θmn. Further the following notations are used:
a) Emn =
1
4π
(
BmkHk
n +
1
4
gmnBklH
kl
)
(electromagnetic energy-
momentum tensor),
b) Smn =
2
κ0
(
σ ,mσ ,n − 1
2
gmnσ , kσ
, k
)
(scalaric energy-momentum
tensor).
(4)
The electromagnetic field strength tensor Bij and the electromagnetic induction
tensor Hij will be explained in context with the electromagnetic field equations.
As Schmutzer earlier pointed out, in the electromagnetic situation it is physi-
cally suggestive (without changing the physical content) to absorb the occurring
factor on the right-hand side of the equation (4b) by introducing instead of the
dimensionless scalaric field function σ the modified scalaric field function (with
a corresponding physical dimension) σˆ =
√
2
κ0
σ. But with respect to the
approximation procedure we will keep to the more convenient σ.
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Specialization to a perfect fluid gives in concretization of the energy-momentum
tensor Θmn the result
Θmn = −
(
µ+
p
c2
)
umun − p gmn (um four-velocity, µ mass density, p
pressure).
(5)
(The minus sign is connected with the definition (2) of Ricci tensor.)
2.1.2 Generalized electromagnetic field equations
These basic equations read as follows:
a) Hmn;n =
4π
c
jm (inhomogeneous system),
b) B<ij ,k> = 0 (cyclic system),
c) Hmn = εBmn with
d) ε = e2σ (vacuum dielectricity/polarisation). (6)
The quantity jm means the electric current density, e.g. in the convective case:
jm = ̺um, where ̺ is the charge density.
2.1.3 Scalaric field equation
This equation has the form:
σ , k;k − ΛS e−2σ = −κ0
2
( 1
8π
BijH
ij + ϑ
)
. (7)
In this equation the scalaric substrate energy density ϑ (short: scalerg den-
sity) occurs, which is a basically new quantity within the framework of the
traditional 4-dimensional physics (see [3, 4]). Later we shall try to interpret it.
2.1.4 Equation of motion of the electrofluid and electric continuity
equation
Analogously to the procedure in the Einstein theory, by covariant differentia-
tion of the above field equations (1) and (6a) we receive the following balance
equations:
a) Θmn;n = −1
c
Bmkj
k + ϑσ ,m , b) jm;m = 0 . (8)
For a perfect electrofluid by means of (5) the corresponding equation of
motion results:
(
µ+
p
c2
)
um;ku
k =
̺
c
Bmku
k −
(
p ,m +
1
c2
dp
dτ
um
)
−ϑ
(
σ ,m +
1
c2
dσ
dτ
um
)
. (9)
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2.2 The equations of motion of a point-like test body
As we realized, the equation of motion in PUFT (as in the Einstein theory) can
be derived from the field equations. Of course, its explicit form requires concrete
assumption for the energy–momentum tensor Θmn, electric four-current density
jk and the scalerg density ϑ.
As it is well-known, in the Einstein theory for incoherent matter Θmn =
−µumun and jm = ρum (µ mass density, ρ electric charge density). This means
for the case of a point-like test body (material point) with the inertial mass M
and charge Q that the following formulas are valid:
Θmn = −c
∫
Mδ4(x− ξ(τ))umun√
g(ξ(τ))
dτ, (10)
jm = Qc
∫
δ4(x− ξ(τ))um√
g(ξ(τ))
dτ , (11)
where the integrals in the equations (10) and (11) must be taken along the world
line (determined by xi = ξi(τ)) of the test body; um =
dξm
dτ
is the 4-velocity of
the test body and g = − det(gij). By substituting (10) and (11) into equation
(8) we obtain the condition
ϑσ,i = −c
∫
δ4(x− ξ(τ))√
g(ξ(τ))
[
D(Mui)
Dτ
− e
c
Biku
k
]
dτ , (12)
from wich the following structure of ϑ follows directly:
ϑ = c3
∫ Mδ4(x− ξ(τ))√
g(ξ(τ))
dτ . (13)
The multiplier c3 in the expression (13) guarantees that the new introduced
quantity M, which is called “scalaric mass” (scalmass), has the same physical
dimension as the inertial mass M . Therefore the quantity D =Mc2 is named
“scalaric substrate energy” (short: scalerg [2]).
By substituting (10), (11) and (13) into equations (8) we obtain
D(Mui)
Dτ
=
Q
c
Biku
k − c2Mσ,i . (14)
Multiplying (14) by ui and keeping in mind that u
iui = −c2 , instead of (14)
we find the following equations which describe the motion of a point-like test
body in a gravitational, electromagnetic and scalaric field:
M
Dui
Dτ
=
e
c
Biku
k − c2MP ijσ,j , (15)
dM
dτ
=Mσ,kuk =M dσ
dτ
, (16)
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where P ij is the projection tensor,
P i k = g
i
k +
1
c2
uiuk , P
i
ku
k = 0 . (17)
We mention that the equations (15) and (16) coincide with the corresponding
ones performing a transition from the equation of motion of a perfect fluid [2].
From the equation (16) follows that there exists a dependence of the inertial
mass (with particular features) of the test body in PUFT. Further one realizes
that in the case of a vanishing scalaric field PUFT goes over into the Einstein
theory [2] in which M = M0 = const. Therefore as a consequence of (16) it is
quite natural to suppose that the variability of the inertial mass is exclusively
caused by the scalaric field, i.e. M = M(σ). Hence follows that the scalaric
mass is determined, in correspondence with equation (16), by M = dM(σ)
dσ
.
In the case of an electrically neutral particle (Q = 0) or in the absence of an
external electromagnetic field (Bmn = 0) equation (15) reads:
Dui
Dτ
= −c2η(σ)
(
σ,i +
1
c2
σ,kuku
i
)
, (18)
where η(σ) =
M(σ)
M(σ)
. The equation (18) according to the concept of Schmutzer
[2] contains an arbitrary function η(σ) .
Let us note that we can give another interpretation of the both masses M
andM. In particular we write
M(σ) =M0f(σ) and M =M0f ′(σ) (M0 = const) , (19)
where f(σ) as yet is an arbitrary function of the σ-field. Further we will call
the constant M0 inertial mass of the point-like body. Thus as well as in the
general relativity the inertial mass remains a constant, but the equations of
motion change:
M0
Dui
Dτ
= −c2MP ijσ , j
(
M =M0 f
′(σ)
f(σ)
)
. (20)
Obviously, both approaches are mathematically equivalent. But the second
approach (see (20)) is preferable from the physical point of view.
Let’s note that equations of motion (20) can be rewritten in the form of
Lagrange equations
d
dτ
(
∂L
∂x˙i
)
− ∂L
∂xi
= 0 , x˙i =
dxi
dτ
(21)
with
L = −M0cf(σ)
√
−gij x˙ix˙j + Q
c
Aix˙
i , (22)
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where Ai is the electromagnetic 4-potential. For the electrically neutral bodies
(Q = 0) the equations of motion are equivalent to the equations of time-like
geodesics in the pseudo-Riemannian space with the conformally transformed
metric
gij → g˜ij , where g˜ij = f2(σ) gij . (23)
Let as mention that from (20) one immediately learns that the weak equiv-
alence principle is fulfilled exactly if f(σ) is a universal function for all kind
of matter. Obviously, given relation for extended bodies can be fulfilled only
approximately as M andM have the different physical nature.
The post-Newtonian approximation of PUFT for the case
M(σ) =M0e
η0σ, M(σ) = (η0M0)eη0σ , (η0 = const) (24)
was constructed in the paper [12]. In this context we note that just the depen-
dence between the inertial and scalaric masses in the form
M(σ) =Mσ, M(σ) = const , (25)
and some other dependencies were studied and elaborated in detail by Schmutzer
for various cosmological models. The results of this cosmological investigations
are resumed in the monographs [4, 9].
3 Post-Newtonian Approximation of the PUFT
3.1 Introduction
Let us consider a system of slowly moving bodies bounded by gravitational
interaction (e.g. planetary system). In order to describe the gravitational field
of such a system at large distances from its center, in the Einstein theory one
can use the so-called post-Newtonian approximation. Here we will show that
the field equations of PUFT also allows an analogous approximation. Similar
to the procedure in the Einstein theory it is convenient to take the ratio β =
v/c as a small expansion parameter of the exact field equations, where v is
the characteristic velocity of the motion of the bodies, which is related to the
gravitational potential φ as follows:
v2
c2
∼ φ
c2
∼ β2 (26)
(in the planetary system β ∼ 10−4 to 10−3).
For the further investigation we restrict our considerations to the following
assumptions:
1. The electromagnetic field is equal to zero: Bij = 0.
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2. According to the suppositions (19) and (20) we assume that
f ′(σ)
f(σ)
≪ 1 (27)
for all bodies.
3. The energy–momentum tensor of the perfect fluid has the standard form
(5)
4. For the system considered the equations (7) are joint with the assumption
that the scalaric field may be introduced as a superposition of two fields
σ = s+ σ¯ (|s| ≪ |σ¯|) , (28)
whose first one (s) has sources inside the considered system of bodies, and
the second one (σ¯) refers to the outside of it. In particular, σ¯ may have a
cosmological origin. Thus by consideration of the motion of bodies inside
the planetary system we may regard the field σ¯ as a quasi constant field:
(σ¯) , k ≈ 0.
5. We suppose that there exists a coordinate system, in which in zeroth or-
der approximation the metric tensor equals the Minkowski tensor ηij ≡
diag(1, 1, 1,−1). Then the following power series approximation is possi-
ble:
gαβ = δαβ +
2
gαβ + O(β
4) , (29a)
gα4 =
3
gα4 +O(β
5) , (29b)
g44 = −1 +
2
g 44+
4
g 44 +O(β
6) ; (29c)
and for the stress tensor Tmn ≡ Θmn + Smn + Emn:
Tαβ =
0
T
αβ +
2
T
αβ +O(β4) , (30a)
Tα4 =
1
T
α4 +O(β5) , (30b)
T 44 =
0
T
44 +
2
T
44+
4
T
44 +O(β6) . (30c)
3.2 Newtonian-like approximation of PUFT
In the case of a vanishing electromagnetic field the equations (1) and (7) in
consideration of (28) lead to the Newtonian-like approximation:
a) △φ = 4πγNµ , b) △s = −4πγN
c2
µ(σ) , (31)
where φ is the gravitational potential, which is connected with the metric:
g44 = −1− 2φ
c2
; (32)
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µ = − 1
c2
0
T 44 is the mass density, and µ(σ) =
1
c2
ϑ is the so-called scalaric mass
density (scalmass density). In the case of N gravitationally bounded point-like
bodies the quantities µ and µ(σ) in the Newtonian-like approximation take the
form (A running from 1 to N)
a) µ =
∑
A
MA δ
(3)(r − rA) , b) µ(σ) =
∑
A
MA δ(3)(r − rA) . (33)
The solution of the equations (31) which vanishes at infinity can be written as
a) φ(rK) = −γN
∑
A 6=K
MA
rAK
, b) s(rK) = γN
1
c2
∑
A 6=K
MA
rAK
, (34)
where the abbreviations
rAK = |rAK | , rAK = rA − rK (35)
are used.
Taking into account the assumption (28) and the solutions (34), we obtain
the following equations of motion for N gravitationally bounded bodies in the
Newtonian-like approximation of PUFT:
dvK
dt
= −γN
∑
A 6=K
MA
(
1− MA
MA
MK
MK
) rK − rA
|rK − rA|3
. (36)
Let us notice that up to now both the inertial mass M and the scalaric mass
M are in general completely independent. However for fulfilling the weak
equivalence principle it is necessary that the ratio of both masses is for all
bodies the same universal function of the scalaric field. As it was mentioned
above, the equivalence principle has already been tested experimentally to a
relative precision of 10−12 ÷ 10−14 [1]. Thus the function f(σ) (see (19)) at
least in the Sun-system is in very good approximation an universal function:
|fK1 − fK2 |
fK1
< 10−12. Taking into account the assumptions (28) and (27) we
can write for all bodies
MK(σ) = f(σ)M0K , f(σ) ≈ f(σ¯)
(
1 +
f ′(σ¯)
f(σ¯)
s
)
. (37)
With the help of the last relation we can put the equation of motion into the
Newtonian-like form
dvK
dt
= −GS
∑
A 6=K
MA
rK − rA
|rK − rA|3
= −GS
∑
A 6=K
M0Af(σ¯)
rK − rA
|rK − rA|3
, (38)
where we have introduced the “scalaric-gravitational parameter” GS (see [3,4]):
GS ≡ γN
(
1− δ2) ≈ 6.6726× 10−8 cm3
g s2
, (39)
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which numerically coincide at the present time with the conventional Newtonian
gravitational constant. Here
δ =
f ′(σ¯)
f(σ¯)
=
M(σ¯)
M(σ¯)
≃ const (σ¯ = σ¯(t)) , δ ≪ 1 . (40)
Summarizing the last results, we can write the field equations (31) and the
equation of motion of a test point-like body in the Newtonian-like approximation
of PUFT in the familiar form:
a)
dv
dt
= −∇Φeff , b) △Φeff = 4πGSµ , (41)
using the quantity
Φeff = φ+ c
2 f
′(σ¯)
f(σ¯)
s = φ+ c2δ s (42)
as effective (empirical) Newtonian potential.
From these considerations we learn that the scalaric-gravitational parame-
ter GS is not a constant in strict sense, since it depends on the scalaric field σ¯
which was introduced for the description of the effective cosmological influence.
Therefore G˙S ≡ dGS
dt
6= 0, but G˙S
GS
is very small. Because of this extreme
smallness up to now direct measurements of
G˙S
GS
in laboratories are without
success. But nevertheless for the Earth-Moon system indirect estimates of
G˙S
GS
,
received as result of evaluating the motion of the lunar orbit, give magnitudes
till 10−14 ÷ 10−13 s−1, particularly E.V. Pitjeva: 10−14 s−1 [13]. However one
should remember that these numerical results are received within the frame-
work of Newtonian celestial mechanics, being corrected by admitting a time-
depending gravitational constant. Of course, in the case of PUFT the evalua-
tion of the same observed data can yield essentially differing results, being of
high importance for the numerical proof of PUFT.
Let us in this context emphasize that the equation (31b) was obtained for
the case of vanishing external electromagnetic fields from the basic equation (7),
in which as source term for the scalaric field also the (electromagnetic) Larmor
invariant ΛL=BijH
ij occurs. In the previous calculations this term has been
neglected. But for deeper understanding of the electromagnetic influence on
scalarism the Larmor term has to be taken into account. For example, this term
should not be ignored for a detailed treatment of the inner region of electrically
neutral matter, where local electromagnetic fields of appreciable strength occur,
inducing local scalaric fields. According to (7) these local scalaric fields σ
loc
may
yield a considerable contribution to the global σ-field appearing in (31b).
Let us further mention that recently a review article on various 4-dimensional
approaches of theories with time-dependent cosmological gravitational param-
eters appeared, comparing the ansatzes with corresponding measuring results
(see [14]).
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Concluding this subsection, let us draw our attention to another interesting
subject. As it is well known, the first measurement of the frequency red shift
in a gravitational field (experiments of Pound and Rebka [15] and Pound and
Snider [16]) shows that the free motion of bodies corresponds to geodesics up
to very high precision. Looking at (18) one immediately recognizes that in the
PUFT the free fall is not the geodesic motion. This fact means that PUFT is a
non-metric gravitational theory in the sense of this definition. In the Newtonian-
like approximation we can say that the red shift is determined by the metric,
i.e. by the gravitational potential φ (see (32))
∆ν
ν
= −∆φ
c2
= −(1− δ2)−1∆Φeff
c2
. (43)
In contrast to this result the gravitational force depends on the effective New-
tonian potential Φeff . In the conventional notation the red shift formula has the
shape
∆ν
ν
= (1 + α)
∆U
c2
(U = −Φeff) , (44)
Hence we find that α ≈ δ2.
Numerous experiments were performed to check the formula (44) ( [17]).
Without further discussion of the experimental data obtained, we notice that a
reliable upper bound of α is given by [1]: |α| < 2 · 10−4. Hence we obtain a first
estimate for σ¯ at the present time, following from the red shift experiments:
δ2 < 2 · 10−4 or f
′(σ¯)
f(σ¯)
= δ < 1.4 · 10−2 . (45)
3.3 The first post-Newtonian approximation
Using the solution of the field equations in Newtonian-like approximation (see
the next section) we claim that the expansion of the s starts with a term of the
order ∼ β2:
σ = σ¯ +
1
c2
Λ +
1
c4
λ+O(
1
c6
). (46)
Substituting the expansion series (29), (30) and (46) in the field equations
and taking into account the explicit expression (5) for the stress-energy ten-
sor, we receive a set of equations, which simply may be integrated in so-called
harmonic coordinates defined by Γijmg
jm = 0. For simplicity omitting the
intermediate results, we finally arrive at the outcome:
gαβ = δαβ
(
1− 2φ
c2
)
+O(β4), (47a)
gα4 =
1
c3
ξα +O(β
5), (47b)
g44 = −
[
1 +
2φ
c2
+
2
c4
(
φ2 + χ
)]
+O(β6), (47c)
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where the abbreviations
φ(x, t) = −γN
∫
µ(x
′
, t)
|x− x′ |d
3x
′
, (48)
ξα(x, t) = −4γN
∫
µ(x
′
, t)vα(x
′
, t)
|x− x′ | d
3x
′
, (49)
χ = Φ3 − 2Φ2 + 2Φ1 + 3Φ4, (50)
Φ1(x, t) = −γN
∫
µ(x
′
, t)v2(x
′
, t)
|x− x′ | d
3x
′
, (51)
Φ2(x, t) = −γN
∫
µ(x
′
, t)φ(x
′
, t)
|x− x′ | d
3x
′
, (52)
Φ3(x, t) = − 1
4π
∫
∂2φ(x
′
, t)
∂t2
1
|x− x′ |d
3x
′
, (53)
Φ4(x, t) = −γN
∫
p(x
′
, t)
|x− x′ |d
3x
′
, (54)
ϑ = c2µδ
[
1 +
φ
c2
δ2 +
1
c4
(δ4φ2 − λδ) +O(1/c6)
]
, (55)
σ = σ¯
{
1− δ
2
c2
φ− δ
2
c4
[χ− 2Φ1 − 3Φ4] +O(1/c6)
}
, (56)
were used. Here µ and p are mass density and pressure respectively.
In the preceding relations, as well as in the subsequent equations of motion
for a neutral test particle, the terms of the order of magnitude
v2
c2
δ4 were
neglected:
dv
dt
= −(1− δ2)∇(φ+ 2
c2
φ2 +
1
c2
χ
)
− (1 + δ2)v2
c2
∇φ+ 3
v
c2
∂φ
∂t
(
1 + 3δ2
)
− 1
c2
∂ξ
∂t
+
v
c2
× (∇ × ξ) + 4v
c2
(v∇)φ
− δ
2
c2
∇ (2Φ1 + 3Φ4) +O(β
4). (57)
3.4 The equations of motion of N gravitationally bounded
point-like bodies in the first post-Newtonian approx-
imation
For the first time the approximated equations of motion within the framework
of the Einstein theory were derived by A. Einstein, L. Infeld and B. Hoffmann
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(1938) as well later by a different approach by V. Fock and N. M. Petrova (1939,
1949). These publications initiated the start of a lot of papers which mainly
aimed at the derivation of the equations of motion from the field equations.
As already mentioned above, the equations of motion can be obtained from
the field equations of PUFT in the same way as in the Einstein theory. Omitting
intermediate results, now for the N point-like bodies
(
compare with (10) and
(11)
)
we present the substrate stress tensor Θmn and the scalmass density µ(σ):
Θmn(r) = −
A=N∑
A=1
MA
1√−g
dxmA
dt
dxnA
dt
dt
dτ
δ(3)(r − rA) , (58)
µ(σ) ≡ 1
c2
ϑ =
A=N∑
A=1
MA 1√−g
dt
dτ
δ(3)(r − rA) . (59)
Taking into account the explicit expression (47) for the metric, then we find in
the first post-Newtonian approximation the following expressions for the mass
density and the scalmass density:
µ(r) =
∑
A
MA
(
1− v
2
A
2c2
+
3φ
c2
)
δ(3)(r − rA) +O(β4) , (60)
µ(σ)(r) =
∑
A
MA
(
1− v
2
A
2c2
+
3φ
c2
)
δ(3)(r − rA) +O(β4) . (61)
Hence in this case the equations (8) lead to the following equations of motion
for the gravitationally bounded N point-like bodies within the framework of
PUFT:
dvK
dt
=
∑
A 6=K
γNMArAK
r3AK
[(
1− δ2)(1− 4 ∑
B 6=K
γNMB
rBKc2
−
∑
C 6=A
γNMC
rCAc2
(
1− rAK · rCA
2r2CA
)
− 3
2c2
(vA · rAK
rAK
)2)
+
(
1 + δ2
)
v2K/c
2 + 2v2A/c
2 − 4vK · vA/c2
]
+
1
2
(
7 + δ2
) ∑
A 6=K
∑
C 6=A
rCA
γ2NMAMC
rAKr3CAc
2
−
∑
A 6=K
(
vA − vK
)γNMArAK · [(3 + δ2)vA − 4vK]
c2r3AK
, (62)
with γN =
(
1 + δ2
)
GS = const.
This system of equations of motion can be considered as the analog (in
PUFT) to the Einstein-Infeld-Hoffmann equations (in the Einstein theory).
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3.5 Perihelion Motion of Mercury
In this section we investigate the motion of a test body (e.g. Mercury) around
a central body (e.g. sun) which for simplicity will be considered as non-rotating
and spherically symmetric. As before we suggest that the condition δ ≪ 1 is
fulfilled. Under these assumptions the integration of the field equations leads to
a) gαβ = δαβ(1 +
2γNMc
c2R
) +O(β4),
b) gα4 = 0,
c) g44 = −1 + 2γNMc
c2R
− 2γ
2
NM
2
c
c4R2
+O(β6),
(63)
whereMc is a constant coinciding with the inertial mass of the central body if the
scalaric field vanishes. Therefore in this approximation the metric has the same
form as the metric in the Einstein theory. We have to note that E. Schmutzer
[2,18] succeeded in finding the exact spherically symmetric solutions in implicit
form. In the paper [19] we find three parametric exact spherically symmetric
solution in explicit form. In this paper we find this solution in the harmonic
coordinates, which were used by obtaining the post-Newtonian equations. This
solution in the corresponding approximation is identically to (63).
The equation of motion of the test body reads:
d2R
dt2
≡ dv
dt
= −γNMc
R3
R
[(
1− δ2)(1− 4γNMc
c2R
)
+
(
1 + δ2
) v2
c2
]
+
4γNMc
c2R3
v(vR) +O(β4). (64)
In the Newtonian approximation the equation (64) goes over into the equation
of motion
d2R
dt2
≡ dv
dt
= −γNMc
R3
R
(
1− δ2) . (65)
Integration leads to the following set of equations:
R2
dϕ
dt
=
[
γNMc
(
1− δ2)P ]1/2 , (66)
v ≡ dR
dt
=
[
γNMc(1 − δ2)
P
]1/2
[−ex sinϕ+ ey(ε+ cosϕ)] , (67)
where
a) R = R(ex cosϕ+ ey sinϕ), b) R = P (1 + ε cosϕ)
−1. (68)
As it is well-known, this solution describes the motion of the test body in a plane
(spanned by the basis vectors ex and ey) orthogonal to the angular momentum.
14
We remind that R and ϕ are polar coordinates in the plane of motion, P and ε
(eccentricity) are the parameters of the ellipse.
Applying the method of successive approximation we find the following post-
Newtonian solution:
v =
[
γNMc(1− δ2)
P
]1/2
[−ex sinϕ+ ey(ε+ cosϕ)] + δv, (69)
R2
dϕ
dt
≡ (R× v)z =
[
γNMc(1− δ2)P
]1/2
(1 + δh), (70)
where
δh = −4γNMc
c2P
ε cosϕ (71)
and
δv =
√
γNMc(1 − δ2)
P
(
γNMc
c2P
){
ex
[
sinϕ
(
(3− ε2)− δ2(1 + ε2))
− ε(3 + δ2)ϕ+ 1
2
ε(1− δ2) sin 2ϕ
]
− ey
[
cosϕ(1 + ε2)(3 − δ2) + ε
2
(
1− δ2) cos 2ϕ]
}
. (72)
Using the identity
d
dϕ
1
R
= −
(
R2
dϕ
dt
)−1(
Rv
R
)
, (73)
we get from (72) for the trajectory of the test body:
P
R
= 1 + ε cosϕ+
γNMc
c2P
[
1
2
ε cosϕ(7 + δ2)
+ ε(3 + δ2)ϕ sinϕ
]
. (74)
The calculation of the perihelion motion leads to the result
δϕ ≈ 6πγNMc
c2P
(
1 +
1
3
δ2
)
(75)
for one revolution. This formula (75) is identical with the relation found by
Schmutzer [3] using the exact spherically symmetric solution. If δ = 0, then the
relation (75) coincides with the corresponding result in the Einstein theory.
Finally to this section 3 we draw the attention of the reader at a new paper
by E. Schmutzer on a set of possibilities to couple scalarism (ϑ) to the usual
4-dimensional physics, being investigated by him [20].
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4 Conclusion
In the present paper we investigated the equation of motion of a point-like test
body in PUFT and the possibility of functional dependence of the inertial mass
of an external scalaric field. Although the idea of variability of inertial mass is
not new itself ( see e. g. [21]), in PUFT it appears quite natural.
Let us remind that in PUFT the gravitational central mass Mc appears in
the exact spherically symmetric solution. At the same time the acceleration
of test bodies in an external gravitational field is characterized by the effective
Newtonian potential Φeff (see (41) and (42)). Using the definition (39) we
obtain for the solar system that Mc =M⊙, since the mass of the sun has to be
determined by its gravitational interaction (Φeff = −GSM⊙/r). Hence follows
that the perihelion motion of Mercury reads
δϕ ≈ 6πGSM⊙
c2P
(
1 +
4
3
δ2
)
. (76)
The Einstein effects, as light deflection and photon frequency shift, are deter-
mined exclusively by the space-time geometry. Therefore the results in PUFT
coincide with the corresponding ones in the Einstein theory if Mc is used. Ex-
pressing the mass Mc by the experimentally determined value of the solar mass
M⊙, we obtain the following formulas for the light deflection:
△χ = 4GS
R⊙c2
M⊙
(
1 + δ2
)
, (77)
where R⊙ is the radius of the Sun. Of course (76) and (77) can be applied for
calculation of post-Newtonian effects only if corrections connected with δ2 are
greater than the post-post-Newtonian ones. If we compare the two last expres-
sions with the experiment (see [1]) then we find immediately that from (76) and
(77) follows that δ < 0.048 and δ < 10 · 10−2, respectively. Let’s remind that
from the red shift experiment follows (see (45)): δ < 1.4 · 10−2.
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